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Non-linear behavior of smart structures is of interest to researchers due to the possibilities for the elaboration of more
eﬀective actuators and sensors based on piezoelectric materials. The aim of the present work, is to present an integrated
approach for the buckling behavior of smart beams and plates under multiple loading conditions. In order to present an
accurate analysis, a coupled constitutive formulation between thermal, electrical and mechanical ﬁelds is elaborated incor-
porating non-linearity due to large displacements. An 8-node plate element was implemented in combination with discrete
layer kinematics (LW) for the through-the-thickness representation of the structure. The issues of the critical buckling load
under diﬀerent electrical conditions as well as thermal and electrical loading are also presented. Experimental results con-
tribute to the veriﬁcation of the accuracy of the numerical analysis results and of the coupling mechanics in general.
 2006 Elsevier Ltd. All rights reserved.
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Smart structures and materials are experiencing a signiﬁcant development during the last years. A series of
advantages render them ideal for application in many diﬀerent areas. Aeronautical structures seem to beneﬁt a
lot from this technological boom, since smart structures are used instead of traditional mechanisms in order to
increase their operational envelope. In the literature one can ﬁnd a signiﬁcant number of publications on
applications of smart materials in the domain of aeronautics. We mention here the work of Barrett et al.
(1998), Chen and Chopra (1996), Bernhard and Chopra (1995) among others, on the actuation of helicopter
blade using PZTs as well as the work of Buysschaert et al. (2006) that show clearly the interest on this kind of
applications.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.048
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latest developments are pointing towards the direction of non-linear mechanics as long as large displacements
are concerned. The work of Schultz and Hyer (2005) and Barrett et al. (2005) show clearly a new trend in
smart structures for aeronautics. Non-linear mechanics are introduced in order to expand the force-displace-
ment trade oﬀ of pzt materials and under this scope the eﬀort to increase the analysis capabilities for such
structures is becoming critical.
Theoretical issues of non-linear mechanics in smart structures have been already addressed by a number of
researchers. In the work of Thompson and Loughlan (1995) the active buckling control is examined using an
analytical model and experimental procedures. Liew et al. (2003) presented also a work on the postbuckling
behavior of smart plates using a Higher Shear Deformation Theory and a Galerkin solution. In the later, ther-
mal, electrical and mechanical loads are introduced.
In the work of Varelis and Saravanos (2002) the initial buckling of smart beams and plates is studied using
an electromechanically coupled formulation in combination with an 8-node FE and the critical buckling load
is examined by altering the electrical conditions. The issue of active buckling compensation is also tackled for
smart plates, however, thermal eﬀects are not incorporated.
Oh et al. (2000, 2001) have presented a non linear layerwise formulation for smart plates, incorporating
thermal and electrical eﬀects. However, no-coupling mechanics are introduced. Additionally, no through-
the-thickness deformation is considered, and thus the transverse stiﬀness cannot be taken into account which
is of critical importance for thick structures (a/h < 20).
In the present work, non-linear mechanics are implemented in order to evaluate the initial buckling behav-
ior of smart plates and beams in combination with discrete layer kinematic assumptions for the through the
thickness behavior of the structure.The ﬁnite element implementation takes place using an 8-node quadratic
plate element. Additionally, the through the thickness deformability is taken into account and as a conse-
quence 3D elasticity matrices are used throughout the analysis. The constitutive formulation incorporates
the coupling between thermal–electrical–mechanical ﬁelds and this accounts for increased accuracy of the
structure response in all types of loading conditions (thermal, electrical, mechanical). Both thin and thick
structures are analyzed in order to verify the validity of the present formulation in predicting its critical buck-
ling load. The issues of thermal and electrical buckling are tackled as well, considering also the possibility of
active buckling compensation using a combination of thermal, electrical and mechanical loading. Finally,
experimentally obtained results on mechanical buckling are presented, in order to verify the validity of the
coupled mechanics and in general of the formulation applied in the present work.2. Constitutive equations
In the present work, a coupled formulation between thermal, electrical and mechanical ﬁelds is introduced.
In order to formulate the coupled problem, we consider the formulation of the Helmholtz Free Energy F, as it
is presented in Eq. (1) (Cho and Oh, 2004).F ðSj;Ei; hÞ ¼ 12CijSiSj  eikEiSk  12lkElEk  plElh kiSih 12ah2 ð1Þ
We consider a small variation in the free energy of the system which is given in Eq. (2).dF ¼ oF
oSi
dSi  oFoEj dEj 
oF
oh
dh ð2ÞFrom Eq. (2) one gets:ri ¼ oFoSj ¼ CijSj  eikEk  kih
Dl ¼  oFoEl ¼ eljSj þ lkEk þ pih ð3Þ
1 ¼  oF
oh
¼ kiSi þ plEl þ ah
G. Giannopoulos et al. / International Journal of Solids and Structures 44 (2007) 4707–4722 4709where ri is the stress tensor, Cij is the elasticity tensor, Sj is the strain tensor, eik is the electromechanical cou-
pling tensor, Ek is the electrical ﬁeld vector, ki is the CTE (Coeﬃcient of Thermal Expansion), h is the tem-
perature, Dl is the electric displacement vector, pi is the pyroelectric constant, lk is the electric permitivity
tensor, a is deﬁned as C/T0, where C is the heat capacity and T0 is the strain free temperature that is taken
as a reference (Cho and Oh, 2004) and ﬁnally 1 is the entropy of the system. The later incorporates all the
necessary terms in order to obtain the temperature response of the structure due to thermal, electrical or
mechanical loading.
In order to complete the constitutive formulation of the problem we introduce the electrical and thermal
ﬁelds as shown in Eqs. (4).Ei ¼ /i;i
Qi ¼ hi;i ð4Þwhere / is the electric potential.
The strain ﬁeld follows the Green formulation and it is depicted in Eq. (5).Sij ¼ 12ðui;j þ uj;i þ uk;iuk;jÞ ð5ÞSome of the terms of the Green strain tensor are considered negligible and thus the von Karman non-linear
strain displacement relationships are used throughout this work.3. Layerwise kinematics
In the majority of analyses for composite/smart beams, plates and shells, equivalent single layer theories are
implemented. It is clear that this type of theories provide an excellent solution scheme for thin and moderately
thick structures. However, for thick structures the error introduced in the analysis is not negligible especially
when CLPT is considered. This is reduced when higher order theories are introduced, however other restric-
tions are applied (e.g. in sandwich structures). Thick structures are also of particular interest and thus it was
considered that a solution scheme able to tackle all kinds of structures should be elaborated, and thus layer-
wise kinematics are introduced (Reddy, 2004). This formulation is expanded for all ﬁelds and thus except from
the strain ﬁeld, the thermal and electrical ﬁelds are represented as well using discrete layer kinematics. In Eqs.
(6) the kinematic assumptions for all ﬁelds are presented.uðx; y; z; tÞ ¼
XN
j¼1
ujðx; y; tÞHjðzÞ
vðx; y; z; tÞ ¼
XN
j¼1
vjðx; y; tÞHjðzÞ
wðx; y; z; tÞ ¼
XN
j¼1
wjðx; y; tÞHwjðzÞ ð6Þ
/ðx; y; z; tÞ ¼
XN
j¼1
/jðx; y; tÞHjðzÞ
hðx; y; z; tÞ ¼
XN
j¼1
hjðx; y; tÞHjðzÞ
H 1ðzÞ ¼ w11ðzÞ z1 6 z 6 z2
HIðzÞ ¼ w
I1
2 ðzÞ zI1 6 z 6 zI
wI1ðzÞ zI 6 z 6 zIþ1
(
ð7Þ
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wðkÞ1 ðzÞ ¼ 1
z
hk
wðkÞ2 ðzÞ ¼
z
hk
; 0 6 z 6 hkIn equations (6), u,v,w are the structural degrees of freedom (translations), while / and h are the electrical and
thermal degrees of freedom, respectively. In general, the superscript j is used in order to distinguish the value
of each degree of freedom at a certain point through the thickness of the structure. In (7) the shape functions
for the through-the-thickness representation of the structure are presented and hk is the thickness of each layer
while z is the local thickness coordinate that varies between zero and the thickness of each layer. The response
of the structure for each degree of freedom at a random position depends on the discrete values calculated at
each layer of the structure adapted using the linear shape function H. In Fig. 1, the coordinate system and the
shape functions used are clearly shown.
Combining Eqs. (4) and (5) with (6) the strain tensor components, as well as the thermal and electrical ﬁelds
equations are derived.S1ðx; y; z; tÞ ¼
XN
j¼1
uj;xðx; y; tÞHjðzÞ þ
1
2
XN
j¼1
wj;xðx; y; tÞHwjðzÞ
 ! XN
i¼1
wi;xðx; y; tÞHwiðzÞ
 !
S2ðx; y; z; tÞ ¼
XN
j¼1
vj;yðx; y; tÞHjðzÞ þ
1
2
XN
j¼1
wj;yðx; y; tÞHwjðzÞ
 ! XN
i¼1
wi;xðx; y; tÞHwiðzÞ
 !
S3ðx; y; z; tÞ ¼
XN
j¼1
wjðx; y; tÞHwj;z ðzÞ
S4ðx; y; z; tÞ ¼
XN
j¼1
vjðx; y; tÞHj;zðzÞ þ
XN
j¼1
wj;yðx; y; tÞHwjðzÞ
S5ðx; y; z; tÞ ¼
XN
j¼1
ujðx; y; tÞHj;zðzÞ þ
XN
j¼1
wj;xðx; y; tÞHwjðzÞ
S6ðx; y; z; tÞ ¼
XN
j¼1
uj;yðx; y; tÞHjðzÞ þ
XN
j¼1
vj;xðx; y; tÞHjðzÞ þ
XN
j¼1
wj;xðx; y; tÞHwjðzÞ
XN
i¼1
wi;yðx; y; tÞHwiðzÞ ð8ÞFig. 1. Coordinate system and shape functions for LW mechanics (Reddy, 2004).
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XN
j¼1
/j;xðx; y; tÞHjðzÞ
E2ðx; y; z; tÞ ¼ 
XN
j¼1
/j;yðx; y; tÞHjðzÞ
E3ðx; y; z; tÞ ¼ 
XN
j¼1
/jðx; y; tÞHwj;z ðzÞ ð9Þ
H;1ðx; y; z; tÞ ¼ 
XN
j¼1
hj;xðx; y; tÞHjðzÞ
H;2ðx; y; z; tÞ ¼ 
XN
j¼1
hj;yðx; y; tÞHjðzÞ
H;3ðx; y; z; tÞ ¼ 
XN
j¼1
hjðx; y; tÞHwj;z ðzÞ ð10ÞIn Eqs. (9) and (10) E1,E2,E3, are the components of the electrical ﬁeld vector and H,1,H,2,H,3 are the com-
ponents of the thermal ﬁeld.
As it is shown in equations (6) the deformation through the thickness is taken into account. This alters
totally the non-linear formulation of the S1,S2,S6 components of the strain ﬁeld since in the place of one single
term (in the case of no through-the-thickness deformability) the w component of each layer has to be taken
into account creating additional stiﬀness matrices. However, this formulation is necessary if thick structures
have to be analyzed in order to improve the analysis quality. For thin structures, this formulation can increase
the danger for numerical problems like shear locking, however this can be tackled using reduced integration
techniques or higher order elements.
4. Finite element formulation
4.1. Variational formulation
The ﬁnite element formulation of the problem requires the elaboration of the variational formulation.
Based on Eq. (2), Eq. (11) is obtained.dpu ¼duTWu ¼ 0!
Z t0
0
Z
V
ðp€uidui þ c _uidui þ rijdSijÞdV dt ¼
Z t0
0
Z
Aa
tidui dAa dt
dp/ ¼d/TWe ¼ 0!
Z t0
0
Z
V
Did/;i dV dt ¼
Z t0
0
Z
Ab
qd/dAb dt
dph ¼dhTWh ¼ 0!
Z t0
0
Z
V
1dhdV dt ¼
Z t0
0
Z
Ac
QdhdAc dt; ð11Þwhere Aa,Ab,Ac are the boundary surfaces on which surface tractions ti, electrical charge q and heat ﬂux Q are
applied, respectively.
In the work of Giannopoulos and Vantomme (2006), the linear formulation is presented for the dynamic
evaluation of smart plates. In Eq. (11), the variation of the mechanical (including inertial and damping terms),
electrical and thermal energy functionals of the system are presented (Cho and Oh, 2004). It is important to
mention that all terms of the entropy equation are included and this accounts for the capability of the formu-
lation to capture the temperature response of the system under diﬀerent loading conditions.
The variational formulation presented in equations (11) includes geometric non-linearities. The eigenbuck-
ling solution described in the present work requires the linearization of the variational formulation. Eliminat-
ing inertia and damping terms and taking into account Eqs. (8)–(10), (12) are obtained which describe the
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ables (du,d/,dh) with respect to a previous state of equilibrium.ddpu ¼0!
Z t0
0
Z
V
d½U 1m½A1mnd½U 1Tn

þ d½U 1m½A2mnd½U 1Tn þ d½U 1m½A3mnd½U 1Tn
þ d½U 1m½A4mnd½U 1Tn þ d½U 1m½A5mnd½U 2Tn
þ d½U 2m½A6mnd½U 1Tn þ d½U 2m½A7mnd½U 2Tn
þ d½Em½E1mnd½U 1Tn þ d½Em½E2mnd½U 1Tn
þ d½Em½E3mnd½U 2Tn þ d½Em½E4mnd½U 1Tn
þ dhm½K1mnd½U 1Tn þ dhm½K2mnd½U 1Tn
þ d½U 1m½B1mno½W Tn d½W LTo þ ½U 1m½B1mnod½W Tnd½W LTo
þ d½W Lm½W n½B2mnod½U 1To
þ 3
2
d½W Lm½W n½B3mnop½W Tod½W LTp
þ d½U 1m½B4mno½W Tn d½W LTo þ ½U 1m½B4mnod½W Tnd½W LTo
þ d½W Lm½W n½B5mnod½U 1To
 d½Em½E5mno½W Tnd½W LTo  ½Em½E5mnod½W Tnd½W LTo
dhm½K3mno½W Tnd½W LTo  hm½K3mnod½W Tn d½W LTo

dvdt
¼
Z t0
0
Z
S
tidui dsdt
ddp/ ¼0!
Z t0
0
Z
V
d½U 1m½E6mnd½ETn  d½U 1m½E7mnd½ETn

 d½U 2m½E8mnd½ETn  d½U 1m½E9mnd½ETn
þ d½Em½1mnd½ETn þ d½Em½2mnd½ETn
þ dhm½P mnd½ETn
d½W Lm½W n½E10mnod½ETo

dvdt ¼
Z t0
0
Z
S
qd/dS dt
ddph ¼0!
Z t0
0
Z
V
dhm½K1mndhn þ dhm½K2mndhn

þ d½U 1m½K4mndhn þ d½U 1m½K5mndhn
þ d½Em½P mndhn
 d½W Lm½W n½K6mnodho
¼
Z t0
0
Z
S
QdhdS dt ð12ÞThe matrices shown in Eqs. (12) are presented in Appendix A. With respect to the work of Lee and Saravanos
(1997) and Saravanos et al. (1997) additional terms are added due to the non-linear formulation and thermal
coupling.
4.2. Finite element formulation
In order to establish the solution scheme an 8-node isoparametric plate element has been implemented. This
element is chosen in order to reassure higher solution accuracy with respect to a linear element as well as to
avoid shear locking phenomena in thin beams and plates.
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zation provide the system of the coupled equations that describe the equilibrium of the structure.K0T uu þ KLTuu þ KG K0T u/ þ KLTu/ K0T uh þ KLTuh
K0T/u þ KLT/u K0T// K0T/h
K0T hu þ KLT hu K0T h/ K0T hh
0
BB@
1
CCA
dU
dU
dH
0
B@
1
CA ¼
Wu
W/
Wh
0
B@
1
CA ð13Þwhere Wu,W/,Wh are the imbalance vectors between internal and external loads, which become zero at the
equilibrium position.
In Eqs. (13) superscript L refers to non-linear components of the stiﬀness and tangential matrices, and the
subscripts u,/,h are used to deﬁne the coupling between the diﬀerent ﬁelds. What is of particular importance
is the KG component of the tangential stiﬀness matrix which is shaped by the stress levels of the structure
when an initial load (thermal, electrical, mechanical) is applied. In the linearized eigenbuckling analysis that
takes place here, the non-linear terms of the tangential matrices are considered negligible. Thus the problem
is reduced in solving the system of equations shown in Eq. (14). With respect to a full non-linear solution
that reveals the whole history of the equilibrium positions, the present analysis delivers only the ﬁnal
position of the structure at the buckling state. However, the non-linear formulation is necessary in both
cases while for the full non-linear solution an eﬀective numerical iteration scheme is necessary (e.g.
Newton–Raphson).½KoTuu   K½KoG
 
duþ ½KoTu/ d/þ ½KoTuh dh ¼ 0
½KoT/u duþ ½KoT// d/þ ½KoT/h dh ¼ 0
½KoT hu duþ ½KoT h/ d/þ ½KoT hh dh ¼ 0
ð14ÞFurther elaboration of Eqs. (14) leads to Eq. (15).½Keq  K½KG
 
du ¼ 0 ð15Þ
where½Keq ¼½Kuu þ ½Ku/½K//1 ½K/u  ½K/h ½Khh  ½Kh/½K//1½K/h
h i1
½Kh/½K//1½K/u  ½Khu
h ii
þ ½Kuh ½Khh  ½Kh/½K//1½K/h
h i1
½Kh/½K//1½K/u  ½Khu
h i
ð16Þ5. Eigenbuckling analysis of plates and beams
5.1. General considerations
A ﬁnite element solver based on the theoretical background presented in the previous paragraphs has been
elaborated using Fortran 90. The linearized buckling analysis is in fact a 2-step procedure. Initially a linear
static solution applying a thermal, electrical or mechanical load takes place and the stress levels developed
in the structure are used in order to derive the prestress stiﬀness matrix which is used in the next step for
the solution of the eigenbuckling problem. The eigenvalues K derived from this solution indicate the scaling
of the initial applied load in order to achieve the critical buckling load. The corresponding eigenvectors indi-
cate the shape of the buckling mode.
The LW mechanics implemented in the present work are considered as a very good alternative over full 3D
ﬁnite elements for the representation of thick structures (a/h > 20). However, their validity is many cases under
question for thin structures with larger aspect ratios. Although a veriﬁcation of the mechanics using thick
structures takes place, thin plates and beams are examined in order to validate their performance for high
aspect ratios. This strategy is further enhanced by the fact that experimental veriﬁcation of the coupling
mechanics is easier for thin structures.
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In order to test the validity of the developed FE solver based on the coupled consitutive equations and the
layerwise kinematics, a number of benchmarking analyses took place. The buckling load of a clamped free
beam with diﬀerent aspect ratios (100,20,10) solved analytically using FSDT is compared with the results
obtained from the present FE solver. In Table 1 the comparison between the two analyses is depicted. For
small aspect ratios there is a signiﬁcant diﬀerence between the two analyses, since in the FSDT solution
scheme, no transverse normal stresses are considered. From Table 1 one can see that although 3D elasticity
properties are used in the layerwise solver (an E3 = E2 modulus of elasticity was introduced, thus orthotropic
material assumption), the calculated buckling loads for high aspect ratios are in very good agreement with the
ones calculated by the FSDT theory implementing 2-D elasticity with shear correction factors.
5.3. Experimental veriﬁcation of the FE solver
The veriﬁcation of the present FE solver as well as the visualization of the importance of the coupling
mechanics on the structural buckling response of the structure was made possible through experimental pro-
cedures. A [pzt/Al/pzt], 70 · 5 mm beam was tested in buckling. This conﬁguration was chosen in order to
have a small buckling load which could be measured accurately using a low capacity load cell with maximum
permissible load of 10Nt. The PZT material is of the 5H type of Piezo Systems which has a thickness of
0.191 mm. The core of the structure is an aluminum sheet of 0.070 mm thickness. The elements of the structure
are bonded together using an adhesive ﬁlm and the structure is cured at 120 C for 1 h and with a vacuum of
0.3 bar. The aluminum foil is used as common terminal between the two PZT layers and it is grounded. The
electrical conductivity through the adhesive layer is reassured using a small quantity of conductive glue. Par-
allel connectivity is chosen for the piezoelectric layers. The experimental set-up with the buckled specimen is
presented in Fig. 2.
As it is shown in Fig. 2, the beam is simply supported. Two diﬀerent electrical condition sets were applied,
namely open and closed circuit. In closed circuit electrical condition, the electrical connections were all con-
nected together to a common end and then grounded. It is obvious that no electrical ﬁeld can be developed in
the piezoelectric layer and thus the mechanical to electrical energy transformation capability is cancelled. In
that case the PZT layers perform as simple structural ceramic layers. In open circuit electrical conditions the
common electrode of the two PZT layers is grounded, while at the same time the other one remains free. The
diﬀerence in the critical buckling load is clear and demonstrates without any doubt the necessity for imple-
menting coupling mechanics when studying similar structures employing PZT material.
The buckling procedure is displacement driven and one can easily notice in Fig. 3 that in open circuit con-
ditions the apparent modulus of elasticity of the structure is higher. This diﬀerence is explained considering
that a part of the external work is stored as elastic energy in the structure while the rest as electrical energy
in the piezoelectric material. Thus, not all the external work is stored as elastic energy in the structure and
as a consequence the structure is capable of storing higher amounts of energy which leads to the necessity
of an increased compressive load in order to achieve buckling. In Table 2 the material properties are presented
and in Table 3 the experimental as well as the predicted values obtained by the LW FEA are depicted.Table 1
Normalized buckling load N ðN ¼ Nxx0 ða2=E2h3Þ, a = length, h = thickness)
E1/E2 = 25, G12 = G13 = 0.5E2, G23 = 0.2E2, v12 = 0.25
Aspect ratio (a/h)
Laminate 100 20 10
0 5.134 4.987 4.576
FSDT 90 0.205 0.205 0.203
(45n45)s 0.359 0.358 0.355
0 5.138 4.837 4.094
LW 90 0.219 0.219 0.218
(45n45)s 0.380 0.337 0.314
FSDT results from Reddy (2004).
Fig. 2. Experimental Setup for buckling testing of smart actuators.
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structure through the thickness, reveal their importance when thick structures are considered. Changing the
aspect ratio of the beam from very thin (a/h = 150) to very thick (a/h = 4) the critical buckling load is inﬂu-
enced as it is shown in Fig. 6. In the case of CLPT analysis, a straight line would describe the critical buckling
load with respect to aspect ratio. What is very interesting as well is the importance of the thickness of the struc-
ture when the diﬀerence between the electrical conditions is concerned. In thick structures the importance of
through-the-thickness deformability is further pronounced in open circuit electrical conditions due to the fact
that the 3-3 piezoelectric mode becomes important since it is directly related to the transverse normal stresses.
5.4. Smart plate buckling analysis
Smart plate buckling analysis was considered necessary in order to visualize the coupling mechanics in their
whole extent. In the work of Varelis and Saravanos (2002), a similar analysis using a FSDT theory and a lay-
erwise approximation for the electric ﬁeld is presented. The same conﬁguration is studied here ([p/0/90]s) for
comparison reasons. The material properties used are shown in Table 4. The plate dimensions are
200 · 200 · 1 mm and it is simply supported. The mesh used for this analysis is a 7 · 7 in order to reduce
the computational cost. Similar formulations reported by other researchers (Oh et al., 2000) show that models
with that number of elements provide accurate solutions for thin plates even with aspect ratio a/h > 100.Fig. 3. Experimental open and closed circuit buckling response.
Table 2
Properties for aluminum and piezoelectric materials
Aluminum Piezoceramic
Elastic (GPa)
E = 67 E1 = E2 = 62
G = 27 E3 = 53
v = 0.3 G12 = 30.6
G23 = G13 = 25.6
v12 = 0.25
v13 = v23 = 0.49
Piezoelectric (m/V)
d31 =  320 · 1012
d32 =  320 · 1012
d33 = 650 · 1012
Electric (f/m)
11 = 3.10 · 1011 11 = 1.31 · 108
22 = 2.66 · 1011 22 = 1.31 · 108
22 = 2.66 · 1011 22 = 1.16 · 108
Thermal (m/mK)
a = 23.1 · 106 a = 0.9 · 106
Density (kg/m3)
2700 7600
Thickness (lm)
70 191
Table 3
Experimental and theoretical values of critical buckling load for OC and CC electrical conditions
Buckling load (Nt)
Electrical conditions LW FEA Experimental
Open circuit 5.52 5.38
Closed circuit 5.13 4.94
Diﬀerence 7.6 8.9
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A unit line pressure is applied in the middle layer of the structure in order to proceed with the calculation of
the prestress matrix and the subsequent eigenbuckling analysis. This structure is evaluated in both open and
closed circuit electrical conditions.
Results presented in Table 5 show good agreement between LW, FSDT and analytical CLPT for closed
circuit electrical conditions. However, it is also clearly shown that for OC electrical conditions there is a sig-
niﬁcant diﬀerence between LW and FSDT and this is an issue for further investigation. One possible expla-
nation is that in the present analysis 3D elasticity is implemented and thus the piezoelectric tensor eijk takes
diﬀerent values as it is derived from the d31, d32 and d33 terms. However, in a FSDT analysis the d33 term
is not incorporated and this accounts for a great diﬀerence in the values of the piezoelectric tensor eijk. It is
important to mention here, that in order to be consistent, a d33 value, the double of d31 and d32 is introduced
in the LW analysis, since no other data were available. The diﬀerence in the critical buckling loads between
LW and FSDT in closed circuit conditions, although it is not high, it is the result of using a 3D elasticity
matrix with C13, C23 and C33 terms incorporated. This alters totally the stiﬀness matrix and as a consequence
this has an impact on the critical buckling loads.
The coupling mechanics implemented in the present work, permit to capture the electrical and thermal
response of the smart plate under consideration for each buckling mode. In Figs. 4 and 5 these are presented
for the ﬁrst buckling mode. They refer to the ﬁrst layer of the plate (z = 0). The temperature rise in the
structure is the result of electrothermal as well as thermomechanical coupling. The contours are similar for
both thermal and electrical response which is expected due to the similarity of the coupling mechanics. The
fact that there are no high temperature and voltage values at the edges in the case of thin plates, proves that
no artiﬁcially high transverse stresses exist (such as in locking situations).
Table 4
Material properties for PZT 5H and aluminum as used in the work of Varelis and Saravanos (2002)
CFRP(T300n934) Piezoceramic
Elastic properties
E11 = 132.4 GPa E11 = E22 = 62 GPa
E22 = 10.8 GPa G12 = G13 = 23.6 GPa
G12 = G13 = 5.6 GPa G23 = 18 GPa
G23 = 3.6 GPa v12 = v13 = v23 = 0.31
v12 = v13 = 0.24
v23 = 0.49
Piezoelectric properties
d31 =  220 · 1012 (m/V)
d32 =  220 · 1012 (m/V)
d24 = 670 · 1012 (m/V)
d15 = 670 · 1012 (m/V)
Electric properties
11 = 3.08 · 1011 (F/m) 11 = 2.3 · 108 (F/m)
22 = 3.08 · 1011 (F/m) 11 = 2.3 · 108 (F/m)
33 = 2.66 · 1011 (F/m) 11 = 2.3 · 108 (F/m)
Thermal properties
a11 = 1.1 · 106 (m/mK) a11 = a22 = a33 = 0.9 · 106 (m/mK)
a22 = a33 = 22.5 · 106 (m/mK) k11 = k22 = k33 = 2.1 (W/mK)
k11 = 4.48 (W/mK) p3 =  0.25 · 103 (C/m2K)
k22 = k33 = 3.21 (W/mK)
Density
q = 2700 (kg/m3) q = 7600 (kg/m3)
Table 5
Layerwise, FSDT (from Varelis and Saravanos (2002)) and CLPT critical buckling loads for [p/0/90]s simply supported square plate for
diﬀerent electrical conditions
Buckling mode Closed circuit (kN/m) Open circuit (kN/m) CLPT (kN/m)
LW FSDT LW FSDT
1 5.42 5.33 5.81 7.22 5.37
2 9.2 8.98 9.6 11.94 9.01
3 18.7 16.5 19.6 21.8 16.5
4 30.7 26.7 32.1 35.6 27.2
Critical buckling load
Stacking sequence Mechanical buckling Electrical buckling Thermal buckling
[p/0/90]s 5.42 (kN/m) 373(volts) 17.03 C
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The same structure has been imposed to a unit voltage in the piezoelectric layers in order to investigate the
possibility of electrical buckling in a plate structure. Equal voltage values are applied in both PZT layers so that
pure compression is applied in the structure due to the kinematic restrictions imposed by the boundary condi-
tions. This issue is particularly important in a structure incorporating piezoelectric layers operating under com-
pressive loading and it shows the possibility of mechanical buckling compensation through active layers. Due to
the similarity of electrical and thermal actuation in provoking buckling, both issues are tackled in this paragraph.
Since all loading conditions can occur in the same time, it is considered that it would be important to know
under which load combination, the structure will be buckled. Calculating the critical temperature change and
knowing the corresponding critical voltage and mechanical critical load, it is possible to create a 3D surface
that shows the critical buckling load combinations.
The veriﬁcation of the thermal buckling capabilities is done using the results of Oh et al. (2000) for a simply
supported isotropic plate with aspect ratio 100 and poisson ratio 0.3. The dTcr is 62.33 C while in the present
work a 60.98 C is calculated. The diﬀerence can be explained taking into account that in the work of Oh et al.
(2000) neither coupling mechanics nor deformability through-the-thickness have been introduced.
Fig. 4. Voltage response for [p/0/90/0/p] plate.
Fig. 5. Temperature response for [p/0/90/0/p] plate.
Fig. 6. Inﬂuence of the aspect ratio on the critical buckling of the structure for diﬀerent electrical conditions (N ¼ 1000  Nxx0 ða2=E2h3Þ,
a = length, h = thickness).
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volts which is around 10% higher than the one presented in the work of Varelis and Saravanos (2004) (Mate-
rial properties are exactly the same as in Varelis and Saravanos (2002)). The reason for this diﬀerence could be
attributed again to 3D elasticity and the diﬀerence in the calculation of the piezoelectric tensor eijk. The surface
in Fig. 7 indicates the frontier of load combinations for which buckling occurs.
Fig. 7. Combination of critical buckling voltage, temperature and mechanical loading.
G. Giannopoulos et al. / International Journal of Solids and Structures 44 (2007) 4707–4722 4719What is important to mention here is that in order to derive the surface of Fig. 7, consistency on the elec-
trical and thermal conditions needs to be preserved. For the thermal and mechanical loading, closed circuit
electrical conditions were implemented, while for electrical or mechanical loading the temperature was set
for the whole structure in order to have thermal strain free conditions.
5.4.3. Inﬂuence of thermal coupling
The coupled constitutive formulation implemented in the present work it does not take into account the
heat exchange between the structure and the environment. It is thus assumed that the structure performs in
adiabatic conditions. In order to investigate the inﬂuence of the thermal–electrical coupling mechanism in
the piezoelectric medium two diﬀerent conﬁgurations were examined. In the ﬁrst case the pyroelectric constant
was set to zero, so no transformation of electrical to thermal energy could take place. The second conﬁgura-
tion was the full coupled one as described in the constitutive formulation.
Numerical results showed no inﬂuence in the critical buckling load. From that point of view the coupling
between the thermal ﬁeld and the mechanical and electrical is of limited importance. However, the thermal–
electrical coupling could be used for Non Destructive Evaluation of structures that incorporate piezoelectric
layers. With stresses building up, for open circuit electrical conditions, electrical voltage is developed in the
piezoelectric layer which through thermal–electrical coupling leads to the temperature change of the structure,
as it is shown in Fig. 5. Although limited, depending on the application and the thermal conditions, this phe-
nomenon could be monitored using the adequate equipment. The advantage of this measurement over voltage
measurement as a means of Non Destructive Evaluation is that the electrical conditions are not altered which
is of critical importance as it has been shown already in previous paragraphs.
6. Conclusions
In the present work the analysis of the eigenbuckling performance of smart beams and plates is presented.
The thermal–electrical–mechanical coupling formulation is depicted and it is incorporated in a ﬁnite element
solver using discrete layer kinematics and quadratic ﬁnite element. Non-linear terms are introduced and the
critical buckling load for complex loading conditions is depicted. The inﬂuence of the electrical conditions
is clearly presented and the results are supported through experimental veriﬁcation. The coupling formulation
permits to capture the sensory voltage in the structure as well as the temperature response. The inﬂuence of 3D
elasticity on the buckling response of the structure is clearly shown and especially for electrical buckling. Ther-
mal buckling is also investigated and the combination of thermal, electrical and mechanical loading in order to
drive the structure in the ﬁrst buckling mode is presented. It is thus concluded that the present analysis,
although it incorporates full 3D elasticity can be suitable for the non-linear evaluation of thin plates without
the appearance of artiﬁcial stiﬀening. Additionally, the inﬂuence of the aspect ratio on the response of smart
beams is evaluated, revealing the necessity for the mechanics depicted in the present work. However, the inﬂu-
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evaluated and supported through experimental procedures.Acknowledgments
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project. The authors acknowledge this support.Appendix A. Layerwise mechanics generalized matrices
Structural Matrices:½A1mn ¼
XN
m¼1
XN
n¼1
CijHmðzÞHnðzÞ i; j ¼ 1; 2; 6
½A2mn ¼
XN
m¼1
XN
n¼1
CijHmðzÞHwn;z ðzÞ i ¼ 1; 2; 6; j ¼ 3
½A3mn ¼ ½A2Tnm
½A4mn ¼
XN
m¼1
XN
n¼1
CijHwm;z ðzÞHwn;z ðzÞ i ¼ j ¼ 3 i; j ¼ 4; 5
½A5mn ¼
XN
m¼1
XN
n¼1
CijHm;zðzÞHwnðzÞ i ¼ 1; 2; 6; j ¼ 3
½A6mn ¼ ½A5Tnm
½A7mn ¼
XN
m¼1
XN
n¼1
CijHwmðzÞHwnðzÞ i; j ¼ 4; 5
Nonlinear
½B1mno ¼
XN
m¼1
XN
n¼1
XN
o¼1
CijHmðzÞHwnðzÞHwoðzÞ i; j ¼ 1; 2; 6
½B2mno ¼ ½B1Tomn
½B3mnop ¼
XN
m¼1
XN
n¼1
XN
o¼1
XN
p¼1
CijHwmðzÞHwnðzÞHwoðzÞHwpðzÞ i; j ¼ 1; 2; 6
½B4mno ¼
XN
m¼1
XN
n¼1
XN
o¼1
CijHwm;z ðzÞHwnðzÞHwoðzÞ i ¼ 1; 2; 6 j ¼ 3
½B5mno ¼ ½B4Tomn ðA:1ÞElectrical permitivity matrices½1mn ¼
XN
m¼1
XN
n¼1
ijHmðzÞHnðzÞ i ¼ j ¼ 1; 2
½1mn ¼
XN
m¼1
XN
n¼1
33Hwm;z ðzÞHwn;z ðzÞ ðA:2ÞThermal conductivity matrices
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XN
m¼1
XN
n¼1
KijHmðzÞHnðzÞ i ¼ j ¼ 1; 2
½K2mn ¼
XN
m¼1
XN
n¼1
K33Hwm;z ðzÞHwn;z ðzÞ ðA:3ÞElectromechanical matrices½E1mn ¼
XN
m¼1
XN
n¼1
eijHwm;z ðzÞHnðzÞ i ¼ 3; j ¼ 1; 2 ðA:4Þ
½E2mn ¼
XN
m¼1
XN
n¼1
eijHmðzÞHn;zðzÞ i ¼ 1; 2; j ¼ 4; 5
½E3mn ¼
XN
m¼1
XN
n¼1
eijHmðzÞHwnðzÞ i ¼ 1; 2; j ¼ 4; 5
½E4mn ¼
XN
m¼1
XN
n¼1
e33Hwm;z ðzÞHwn;z ðzÞ
½E6mn ¼ ½E1Tnm
½E7mn ¼ ½E2Tnm
½E8mn ¼ ½E3Tnm
½E9mn ¼ ½E4Tnm
Nonlinear
½E5mno ¼
XN
m¼1
XN
n¼1
XN
o¼1
eijHm;zðzÞHwnðzÞHwoðzÞ i ¼ 3; j ¼ 1; 2
½E10mno ¼ ½E5Tomn ðA:5ÞElectrothermal matrices½P mn ¼
XN
m¼1
XN
n¼1
p3H
wm
;z ðzÞHwn;z ðzÞ ðA:6ÞThermomechanical matrices½K1mn ¼
XN
m¼1
XN
n¼1
kiHmðzÞHnðzÞ i ¼ 1; 2; 6
½K2mn ¼
XN
m¼1
XN
n¼1
k3HmðzÞHwn;z ðzÞ
½K4mn ¼ ½K1Tnm
½K5mn ¼ ½K2Tnm
Nonlinear
½K3mno ¼
XN
m¼1
XN
n¼1
XN
o¼1
kiHmðzÞHwnðzÞHwoðzÞ i ¼ 1; 2; 6
½K6mn ¼ ½K3Tomn ðA:7ÞDisplacement vectors/matrices
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½U 2 ¼ ½0 0 0 W ;y W ;x 0
½W L ¼ W ;x W ;y½ 
½W  ¼ W ;x 0 0 0 0 W ;y
0 W ;y 0 0 0 W ;x
 
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